A phase field model of sintering with direction-dependent interface diffusion is presented, in which the surface and grain boundary diffusions occur along the tangent of surfaces and grain boundaries, respectively. Compared with previous phase field models of sintering, the proposed model is more consistent with the sharp interface model regarding the directions of interface diffusions. Numerical simulations show that the direction of interface diffusion is critical to model sintering kinetics and morphological evolution, and the performance of phase field model is improved significantly with appropriate interface diffusion directions. The proposed model is able to capture relevant features of sintering such as neck growth and its dependence on particle size, interface energies and mobilities. These features agree well with theoretical predictions.
Introduction
Sintering is a complex process that involves multiple diffusion mechanisms whose relative importance varies with the microstructural evolution. 1, 2) Since it is one of the most important approaches to transfer particles into ceramics, modeling sintering process gains a lot of interests in research. Current models for sintering can be broadly categoried into sharp and diffuse interface models. In both models, microstructures evolve to reduce the total free energy of a system. They differ mainly in the assumption of interface thickness and the way to characterize interface motion.
In sharp interface models, 310) the interface thickness is zero and the motion of interface is described by the kinetic law. The interface velocity can be written as v ¼ v s þ v g þ v v , where v s , v g and v v is the velocity contributed by surface diffusion, grain boundary diffusion and volume diffusion, respectively. These velocities are obtained from the flux of materials such that v s ¼ Àr s Á J s , v g ¼ Àr g Á J g and v v ¼ ÀJ v Á n, where ³ is the atomic volume and n is the unit vector normal to the interface. J s , J g and J v are the material fluxes along free surfaces, along grain boundaries and from bulk to free surfaces or grain boundaries, respectively. r s and r g are the gradients along free surfaces and along grain boundaries, respectively. Solving these equations together with the corresponding boundary conditions captures multiple relevant features of sintering such as sintering kinetics and morphological evolution of particles and pores. Nevertheless, since the sharp interface model needs to track the motion of interface explicitly, it becomes inconvenient when the geometry of interface is complex.
In parallel to sharp interface models, the diffuse interface model (i.e., phase field model) of sintering has been developed as well 1115) due to its capacity of handling arbitrarily complex geometries. It was shown that the phase field model is able to evaluate the sintering rate and reveal the microstructure evolution such as neck formation and pore shrinkage during sintering. On the other hand, since diffuse interface in phase field models is an assumption and the actual interface is much thinner, it is important to check if the phase field model approaches the sharp interface model as the interface thickness becomes small. It can be shown that previous phase field models of sintering are able to recover the volume diffusion in the sharp interface model, but the surface and grain boundary diffusions have different forms due to their directions. In the present work, we propose a modified phase field model that is more consistent with the sharp interface model regarding the direction of interface diffusions.
In the following, the modified phase field model is presented in Section 2, which includes the comparison of this model with previous phase field models. Section 3 focuses on the numerical simulation of the modified phase field model, which demonstrates the influence of the direction of interface diffusions on morphological change, and shows the effects of partical size, interface energies and mobilities on the sintering kinetics. The conclusion is given in the last section.
Phase Field Model of Sintering
The model presented in this work is based on the previous phase field models shown in Refs. 1114). In this model, microstructure of materials is represented by two types of field variables. The first type is the conserved density field µ that equals to 1 at the solid phase and 0 at pores. At the free surface of solids, µ changes from 1 to 0 rapidly but smoothly. The other type is the non-conserved order parameter © i , which is used to distinguish different grains or particles in the solid phase such that © i = 1 in the i-th grain and 0 in other grains. At grain boundaries, the corresponding order parameter changes from 1 to 0 or from 0 to 1 smoothly. Based on these field variables, the free energy functional of a system can be written as
where ¢ µ and ¢ © are the gradient coefficients related to surface energy and grain boundary energy, respectively. fðµ; f© i gÞ is the local free energy density that defines the homogeneous coexisting phases, which has the form ; ð2Þ
where A and B are constants. The evolution equations of µ and © i are the CahnHilliard equation 16) and the AllenCahn equation, 17) respectively, which can be expressed as
where L is the mobility coefficient related to the grain boundary migration and M is the mobility tenser contributed by different diffusion mechanisms. Same as the sharp interface model of sintering, three types of diffusions are considered and M can be written as
where M s , M g and M v are the mobility coefficients determined by the diffusivities in surface, grain boundary and volume diffusion, respectively. In eq. (5), f s , f g and f v are functions of field variables that specify the positions where each type of diffusion occurs. According to Ref. 14), we may set
2 Þ, so that surface, grain boundary and volume diffusion occurs only at free surfaces, grain boundaries and bulk region, respectively. I in eq. (5) denotes the identity tensor. T s and T g are the projection tensors that constrain the direction of surface and grain boundary diffusion, respectively. They are constructed based on the definition of interface gradient such that
where n s ¼ rµ jrµj and n g ¼ r© i Àr© j jr© i Àr© j j are the unit vectors normal to the free surface and grain boundary, respectively. From eq. (6) we can see that T s and T g constrain the surface and grain boundary diffusion to occur along the tangent of free surface and grain boundary, respectively.
The present model differs from previous phase field models of sintering in that it adopts the projection tensors to constrain the direction of interface diffusions. In previous models, 1114) the mobility in CahnHilliard equation is a scalar such that
The asymptotic analysis on this equation shows that it approaches the HeleShaw model in its sharp interface limit, 18, 19) which indicates that the surface and grain boundary diffusion occurs normal to the surface and grain boundary, respectively. This is different from the sharp interface model where interface diffusion occurs along the tangent of the interface. In order to reduce the mismatch between two models, we introduce the projection tensors to constrain the directions of interface diffusions. It can be shown 2022) that after considering the projection tensors, the interface diffusion occurs along the tangent of the interface, which is consistent with the sharp interface model. It is noted that eq. (3) is similar to the Eulerian expression of the surface partial diffential equation, 2325) and the advantage of eq. (3) is that it can be computed on a Cartesian grid and capture the correct directions of interface diffusions simultaneously.
Numerical Simulation
In this section, we demonstrate the influence of the direction of interface diffusions on the morphological change and neck growth during sintering. We first illustrate the role of the projection tensor in the material fluxes and microstructure evolution, and then validate the model by showing the effects of size, interface energies and interface mobilities on the sintering kinetics. In phase field simulations, we solve eqs. (3) and (4) using the finite difference method in twodimensional space with mesh 300 © 300 and time step 10
¹5 . The values of the dimensionless parameters used in simulations are:
Effects of the direction of interface diffusion on
sintering A configuration where two particles sharing a grain boundary shown in Fig. 1(a) is used to illustrate the effect of projection tensor on surface diffusion. Initially each particle has hexagon shape with the same size. We take the surface diffusion as an example since the role of projection tensor on surface diffusion is essentially the same as that on grain boundary diffusion. Figures 1(b) and 1(c) show the distribution of material fluxes without and with the projection tensor for the configuration shown in Fig. 1(a) . It can be seen that, without the projection tensor, although surface diffusion is constrained to occur only at the surface, its direction is not well captured since it occurs normal to the surface. In contrast, after including the projection tensor, both position and direction of the surface diffusion are well captured such that the surface diffusion moves materials from the high curvature region to low curvature region along the tangent of surface. Moreover, comparing Figs. 1(b) and 1(c) it is found that the magnitude of material flux is indpendent of the surface curvature in the former but proportional to the gradient of the surface curvature in the latter. This is another advantage of using the projection tensor such that the material flux is proportional to its driving force. Figure 1 shows the effect of the projection tensor on the material flux. As morphological change during sintering is mainly carried out by material flux, it is expected that the projection tensor influences the morphological change as well. Figure 2 gives the morphological change under the surface diffusion with and without projection tensor after dimensionless time 300, where the initial configuration is given by Fig. 1(a) . It can be seen that, although the surface becomes smooth without the projection tensor, the shape of particles is far away from the equilibrium due to the incorrect direction of surface diffusion. This situation is improved substantially after including the projection tensor, where surface diffusion attempts to minimize the curvature difference along the surface and drive the system to approach equilibrium.
Above simulations consider the surface diffusion only. The role of projection tensor is also apparent when all diffusion paths are activated. The initial configuration in this case is given by Fig. 3(a) , which represents an intra-splat microcrack and is similar to the one used in Ref. 10) . The morphological change with the consideration of projection tensors is given by Figs. 3(b) and 3(c) . It shows that, as sintering proceeds, the surface of particles becomes smooth and the shape of particles as well as cracks become circular. It also shows that the morphological change is more rapid in higher curvature region, an important feature of sintering. Moreover, the neck between two particles grows steadily and the dihedral angle is kept as a constant at the tips of the grain boundary. The constant dihedral angle is expected since it is determined by the ratio of surface energy to grain boundary energy, and both energies do not change during the simulation. For the purpose of comparison, the morphology of particles without projection tensors is given by Fig. 3(d) . It can be seen that, without appropriate direction of interface diffusion, the microstructure evolution cannot be well captured and the neck growth nearly ceases. Thus, Fig. 3 demonstrates that appropriate treatment of interface diffusion is crucial for characterizing the kinetics and morphological change during sintering.
Effects of the size, interface energies and mobilities
on sintering In order to validate the proposed phase field model, we investigate the neck growth and its dependence on partical size, interface energies and mobilities. The initial configuration is given by Fig. 3(a) , and it is noted that previous models fail to capture sintering in this case [see Fig. 3(d)] . A typical neck growth obtained by the proposed model is shown in Fig. 4(a) , where the relative neck length is the ratio of the neck length x to the initial height of the rectangle a. It is found that the neck growth can be divided into two stages. In each stage, the neck growth follows a power law ðx=aÞ n / t, and the exponent n in the early stage is smaller than it in the late stage. The initial high growth rate is due to the large curvature variation at the bottom of the crack, which results large driving forces for neck growth. As sintering proceeds, the surface becomes smoother and then the neck growth rate decreases. The theoretical value of n varies from 3 to 7 depending on the type of diffusion mechanism.
2) Our data shows that n = 3 « 0.5 for early stage and n = 5 « 0.5 for later stage, which is reasonable since various diffusion mechanisms are activated.
The effect of interface energy is given by Fig. 4(b) , which shows the neck growth and morphology of particles under different grain boundry to surface energy ratio £ g =£ s . Since £ g and £ s is proportional to the square root of the gradient coefficient ¢ © and ¢ µ , respectively, adjusting the ratio ¢ © =¢ µ is able to change the energy ratio £ g =£ s . The particle morphology shown in Fig. 4(b) is obtained after the same sintering time. It can be seen that lower £ g =£ s corresponds to larger dihedral angle º, which reflects the relation cos º ¼ £ g =ð2£ s Þ and indicates that £ g =£ s determines the equilibrium shape of particles. In addition, Fig. 4 (b) also shows that increasing £ g =£ s decreases the neck growth rate, which is similar to the results obtained from sharp interface models. 5, 7, 9) The dependence of neck growth on particle size is given by Fig. 5(a) , which shows the time needed to reach 60% of the final neck length for different particle sizes. The reference configuration is given by Fig. 3(a) , and the size ratio is the ratio of the actual configuration to the reference one. As expected, the particle with smaller size sinters faster, which is consistent with the Herring's scaling law. 1, 26) Moreover, it is found that the sintering rate R has a power law scaling with particle size, R / a Àm , where m ¼ 3:54. The theoretical value of m is 4 for surface and grain boundary diffusion, and 3 for volume diffusion. 1, 26) The value of m obtained from simulation is between these theoretical values since all three diffusion mechanisms are involved. Figure 5 (b) illustrates the effect of the mobilities (M s , M g and M v ) on neck growth. In this figure, when one mobility varies, the other two are fixed. Figure 5(b) shows that increasing surface mobility accelerates the neck growth. This is because surface diffusion attempts to minimize the curvature variation along the surface, so higher surface diffusion drives more materials to the tips of necks, resulting faster neck growth. Increasing grain boundary mobility, on the other hand, decreases the growth rate, which is consistent with the previous work on sharp interface model 7, 9) such that increasing the grain boundary to surface diffusivity ratio increases the sintering time. Figure 5 (b) also shows that increasing volume diffusion decreases the neck growth rate. This is due to more of the driving force for diffusion being consumed by the volume diffusion (which causes no neck growth) and hence being unavailable to promote the surface diffusion.
From above results we can see that, after taking into account the appropriate directions of interface diffusions, the proposed model is able to capture essential features of sintering.
Concluding Remark
A phase field model of sintering with appropriate directions of interface diffusions has been developed. Numerical simulations show that it is critical to have correct interface diffusion directions in order to capture the kinetics and morphological evolution during sintering. A variety of relevant features of sintering have been captured by the proposed model, which include the neck growth law and its dependence on particle size, interface energy and various mobilities. These features are consistent with the theoretical predictions and demonstrate the important role of the directions of interface diffusions in phase field model of sintering. figure in (a) is the log-log plot of the relation between time and size ratio.
